Abstract -The Fourier pseudo-spectral method has been studied for a onedimensional coupled system of viscous Burgers equations. Two test problems with known exact solutions have been selected for this study. In this paper, the rate of convergence in time and error analysis of the solution of the first problem has been studied, while the numerical results of the second problem obtained by the present method are compared to those obtained by using the Chebyshev spectral collocation method. The numerical results show that the proposed method outperforms the conventional one in terms of accuracy and convergence rate.
Introduction
The coupled viscous Burgers equations were derived by S.E. Esipov [9] to study the model of polydispersive sedimentation. The coupled Burgers equations are described by the following nonlinear partial differential equations: where Ω = [−L, L], η and ξ are real constants, α and β are arbitrary constants depending on the system parameters such as the Péclet number, the Stokes velocity of particles due to gravity, and the Brownian diffusivity [15] . This coupled system is a simple model of sedimentation or evolution of scaled volume concentrations of two kinds of particles in fluid suspensions or colloids under the effect of gravity. J.M. Burgers [4] and J.D. Cole [6] have found that Burgers equations describe various kinds of phenomena such as a mathematical model of turbulence and the approximate theory of flow through a shock wave traveling in viscous fluid.
This equation is of interest from the numerical point of views, because in general, analytical solutions are not available. S.E. Esipov [9] presented numerical simulations for (1.1)-(1.3) and compared the results with experimental data. D. Kaya [8] used the decomposition method and obtained the solution of the homogenous and inhomogeneous coupled viscous Burgers equations in the form of convergent power series. A.H. Khater et al. [13] used the Chebyshev spectral collocation method for solving the coupled Burgers equations and obtained approximate solutions. M. Dehghan, A. Hamidi, and M. Shakourifar [7] obtained numerical results of coupled viscous Burgers equations by using the Adomian-Pade technique.
Several authors studied mainly the exact solutions of nonlinear equations by using various methods. For example, A. A. Soliman [17] obtained an exact solution of coupled viscous Burgers equations by the modified extended tanh-function method. The variational iteration method was used in [1] to solve one-dimensional (1D) Burgers and coupled Burgers equations; the solution was obtained under a series of initial conditions and transformed into a closed form.
Spectral methods are becoming increasingly popular in applied mathematics and scientific computing for solving of partial differential equations. The main advantage of these methods in their accuracy for a given number of unknowns. For problems whose solutions are sufficiently smooth, they exhibit an exponential rate of convergence/spectral accuracy. There are three most commonly used spectral versions, namely the Galerkin, tau and collocation methods. Among them, the spectral collocation/ pseudospectral method is particularly attractive owing to its economy. Comprehensive discussions on spectral methods can be found in review articles and monographs (see, for example, [2, 3, 11, 14, 16] ).
In solving time-dependent partial differential equations numerically by spectral methods, spectral differentiation is used in space, while the finite difference method is used in the time direction. In principle, we have to sacrifice the spectral accuracy in time, but in practice a small time step with a finite difference formula of order one or higher often results in a satisfactory global accuracy. Small time steps are much more affordable than small space steps, i.e., they affect the computation time but not the storage. Details are given in [5, 10, 18] . This paper presents a Fourier pseudospectral method for solving the coupled viscous Burgers equations with a set of initial and periodic boundary conditions. Two test problems with known exact solutions have been selected for this study. It is worth mentioning that the numerical solutions of the first problem are not available in the literature, while the numerical solutions of the second problem are available. The rate of convergence in time and the error analysis of the first problem have been studied by the Fourier pseudospectral method. The results obtained by the Fourier pseudospectral method for the second problem are compared to those obtained by using the Chebyshev spectral collocation method. The numerical results for the second problem demonstrate that the Fourier pseudospectral method gives better results than those obtained by the Chebyshev spectral collocation method. This paper is organized as follows: In Section 2, we describe the proposed pseudospectral method. The numerical results are presented and discussed in Section 3. Finally the conclusion is given in Section 4.
Fourier pseudospectral discretization
In this Section, we will apply the Fourier pseudospectral method to (1.1)-(1.4). For simplicity, we will consider the spatial domain [−L, L]. The Fourier pseudospectral method involves two basic steps. First, we construct a discrete representation of the solution by using a trigonometric polynomial to interpolate the solution at collocation points. Second, the equations for the discrete values of the solution are obtained from the original equations. This second step involves finding an approximation for the differential operator in terms of the discrete values of the solution at collocation points. (For details, see [3, 5, 16] ).
We approximate the exact solutions u(x, t) and v(x, t) by u N (x, t) and v N (x, t), respectively, which interpolate u(x, t) and v(x, t) at the following set of collocation points:
where N is an even number.
The approximation u N (x, t) and v N (x, t) have the form
where
2)
With the definition
In order to obtain the equations for u j and v j , we substitute (2.6) into (1.1), (1.2) and require that (1.1), (1.2) are satisfied exactly at the collocation points, i.e.,
The crucial step is to obtain the values for the kth order derivatives ∂ k u N (x, t)/∂x k and ∂ k v N (x, t)/∂x k at the collocation points x j in terms of the value u j and v j , respectively. We can do this by differentiating (2.1) and evaluating the resulting expressions at the points x j .
where (D k ) is an (N + 1) × (N + 1) matrix with elements
We call (D k ) the kth-order spectral differentiation matrix. Define S N as the space of trigonometric polynomials of degree up to N
where i = √ −1. In order to approximate the nonlinear terms u N ∂u N /∂x, v N ∂v N /∂x and ∂(u N v N )/∂x in the system of equations (2.8), (2.9) reasonably, we follow [12] . We define the operator B : S N × S N −→ S N and the circle convolution as
Using the spectral differentiation matrix, we treat the nonlinear terms as follows:
where P c is the interpolation operator.
Substituting the values of (2.12), (2.13) and (2.14) into (2.8), (2.9) and using the spectral differentiation matrices, we obtain
where j = 0, 1, . . . , N . The system of equations (2.15), (2.16) is the standard Fourier pseudospectral discretization for coupled Burgers equations. The above system of equations forms a system of first-order ordinary differential equations in time. Therefore, to advance the solution in time, we use an accurate ordinary differential equations solver such as the classical fourth-order Runge -Kutta method. The classical Runge -Kutta method of order four is given by
where ∆t is the mesh spacing of the variable t. The time interval [0, T ] is divided into M subintervals. The temporal grid points are given by t n = nT /M , n = 0, 1, . . . , M .
Remark 2.1. We can also evaluate the derivatives by using the Fast Fourier Transform (FFT) algorithm instead of the spectral differential matrix in O(N log N ) operations rather than in O(N 2 ) operations. However, it is more convenient to investigate the Fourier pseudospectral discretizations of coupled Burgers equations by using the spectral differential matrices.
Numerical results
In this section, we present some numerical results of our scheme (2.15), (2.16) for the coupled Burgers equations. All computations were carried out in Matlab 6.5 on a personal computer. For describing the error, we define maximum error and the relative discrete L 2 -normed error for u as follows:
, where u N (x j , t) is the solution of the numerical scheme (2.15), (2.16), whereas u(x j , t) is the exact solution of (1.1), (1.2). Similarly we can define the maximum error and the relative discrete L 2 -normed error for the variable v.
Problem (a):
To examine the performance of the Fourier pseudospectral method for solving viscous Burgers equations, we set the parameters η = −2, ξ = −2, α = 1, β = 1 and L = π. The system of equations (1.1), (1.2) takes the following form
subject to the initial conditions
and the exact solutions are taken from [8] u
To see whether the proposed numerical scheme exhibits the expected convergence rates in time, we perform a numerical experiment for various values of ∆t and a fixed value of N . In this experiment, we take N = 64 for the present method to ensure that the spatial error is negligible. The rate of convergence for the scheme is calculated by using the formula
where E(N j ) is the L 2 -error in using N j subintervals. The convergence rates are shown in Table 3 .1. Because we have eliminated the spatial discretization errors, the errors in the table are due to the time discretizations solely. The computed convergence rates agree well with the expected rates when the fourth-order (classical Runge -Kutta) scheme is applied to the viscous coupled Burgers equations in the time direction. It is seen from To see whether the pseudospectral scheme exhibits the expected convergence rate in space, we performed some further numerical experiments for various values of N . In these experiments, we take ∆t = 0.0001 to minimize temporal errors. The results are shown in Table 3 .2 for an increasing number of subintervals. We present the relative L 2 -errors and Maximum errors for variables u and v. The pseudospectral scheme gives a good accuracy in space as would be expected by the present method. The numerical results for the variable v are similar to those for u, since problem (3.1), (3.2) with the initial conditions (3.3) is totally symmetrical with respect to the two components u and v of the solution. The numerical scheme (2.15), (2.16) preserves the same symmetry. The exact and approximate solutions for u and v are shown in Figure. It is seen that u and v have similar behavior. 
subject to the initial conditions 9) and the exact solutions are taken from A. Soliman [17] u(x, t) = a 0 − 2A 2α − 1 4αβ − 1 tanh (A(x − 2At)), −10 x 10, t > 0, (3.10) −2At) ), −10 x 10, t > 0, (3.11) where A = a 0 (4αβ − 1)/(4α − 2) and a 0 , α, β are arbitrary constants. In Tables 3.3 and 3. 4, we present a comparison between the numerical solutions of this problem obtained by the proposed pseudospectral method and those obtained by the Chebyshev spectral collocation method taken from [13] . Tables 3.3 and 3.4 give the maximum error and the relative L 2 error for various values of t, α, and β. As is seen from Tables 3.3 and 3.4, the proposed method is much more accurate than the the method presented in [13] . 
Conclusions
In this paper, we have discussed the coupled Burgers equations. We proposed a numerical scheme for solving the system of nonlinear Burgers equations by the Fourier pseudospectral method. The numerical results given in the previous section demonstrate a good accuracy of this scheme. For the test problems, the Fourier pseudospectral method provides more accurate results than the Chebyshev spectral collocation method presented by A.H. Khater [13] . The method is also capable of solving Burgers-type equations with periodic boundary conditions.
